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ABSTRACT

1.

Explicit hybrid systems modelers like Simulink/Stateflow allow for programming both discrete- and continuous-time behaviors with complex interactions between them. A key issue in their compilation is the static detection of algebraic or
causality loops. Such loops can cause simulations to deadlock and prevent the generation of statically scheduled code.
This paper addresses this issue for a hybrid modeling language that combines synchronous data-flow equations with
Ordinary Differential Equations (ODEs). We introduce the
operator last(x) for the left-limit of a signal x. This operator is used to break causality loops and permits a uniform
treatment of discrete and continuous state variables. The
semantics relies on non-standard analysis, defining an execution as a sequence of infinitesimally small steps. A signal
is deemed causally correct when it can be computed sequentially and only changes infinitesimally outside of announced
discrete events like zero-crossings. The causality analysis
takes the form of a type system that expresses dependences
between signals. In well-typed programs, signals are provably continuous during integration provided that imported
external functions are also continuous.
The effectiveness of this system is illustrated with several examples written in Zélus, a Lustre-like synchronous
language extended with hierarchical automata and ODEs.

Tools for modeling hybrid systems [8] such as Modelica,1
LabVIEW,2 and Simulink/Stateflow,3 are now rightly
understood and studied as programming languages. Indeed,
models are used not only for simulation, but also for test-case
generation, formal verification and translation to embedded
code. This explains the need for formal operational semantics for specifying their implementations and proving them
correct [16, 10].
The underlying mathematical model is the synchronous
parallel composition of stream equations, Ordinary Differential Equations (ODEs), hierarchical automata, and imperative features. While each of these features taken separately is precisely understood, real languages allow them to
be combined in sophisticated ways. One major difficulty in
such languages is the treatment of causality loops.
Causality or algebraic loops [21, 2-34] pose problems of
well-definedness and compilation. They can lead to mathematically unsound models. They can prevent simulators
from statically ensuring the existence of a fixed point, and
compilers from generating statically scheduled code. The
static detection of such loops, termed causality analysis, has
been studied and implemented since the mid-1980s in synchronous data-flow language compilers [13, 14, 1]. The
classical and simplest solution is to reject cycles (feed-back
loops) which do not cross a unit delay. For instance, the
Lustre-like equations:4
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and

y = if c then x + 1 else x

define the two sequences (xn )n∈N and (yn )n∈N such that:
x(0) = 0
x(n) = y(n − 1)

Hybrid systems; Synchronous programming languages; Type
systems; Block diagrams; Static analysis.
∗

CAUSALITY AND SCHEDULING

y(n) = if c(n) then x(n) + 1 else x(n)

They are causally correct since the feedback loop for x contains a unit delay pre y (‘previous’). Replacing pre y with
y gives two non-causal equations. Causally correct equations
can be statically scheduled to produce a sequential, loop-free
step function. Below is an excerpt of the C code generated
by the Heptagon compiler [12] of Lustre:
if (self->v_1) {x = 0;} else {x = self->v_2;};
if (c) {y = x+1;} else {y = x;};
self->v_2 = y; self->v_1 = false;
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http://www.modelica.org
http://www.ni.com/labview
3
http://www.mathworks.com/products/simulink
4
The unit delay 0 -> pre(·), initialized to 0, is sometimes
written as 0 fby · (‘0 followed by’), or in Simulink: z1 .
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